CONSTRUCTION OF PERIODIC SOLUTIONS OF
QUASILINEAR AUTONOMOUS SYSTEMS WITH SEVERAL
DEGREES OF FREEDOM FOR PARTICULAR CASES

(POSTROENIE PERIODICHESKIKH RESHENIX KVAZILINEINYKH
AVTONOMNYKH SISTEM S NESKOL'KIMI STEPENIAMI
SVOBODY V OSOBYKH SLUCHAIAKH)

PMM Vol.27, No.6, 1563, pp. 1128-1134

A.P. PROSKURIAKOV
(MoBcow)

(Received July 1, 1963)

The case in which the equation for the frequencies has simple roots has
been considered in [1,2]. The case of multiple roots has been considered
for systems with two degrees of freedom in [3]. The present work deals
with the cases when the equation for the frequencies has multiple and
Zero roots.

1. Case of multiple positive roots of the eguation of frequencies,
Let us consider a vibrating system with n degrees of freedom for which
the equation of motion has the form

k1

| -
Z (@, - cpxy) ==PF; (2 o0 oy Tpy @y o oo, T 1)

Powe (1.1)

g = Qpgs Cip = O (i=1,...,n
Here and in what follows, we use the notation dx/dt = x.

The functions Fi are assumed to be analytic in their arguments within
some region, and the parameter W is small. The generating system (i =0
is a linear conservative system with constant coefficients. The kinetic
and potential energies of the system are assumed to be expressible in
terms of positive definite quadratic forms. Under these conditions all
roots of the frequency equation

A (02) = |ej— 0%, ] =0 (1.2)

are positive, Suppose that among these roots there is one root of
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multiplicity [, for example, let m12 =@,2 = va wl% while the remain-

2
ing n -~ 1l roots are simple ones.

The particular solutions of the generating system for simple or
multiple positive roots mrz of the equation of the frequencies have, as
is well known, the form

2, (1) = A, c0s 0.t + By, o, sin ¢ (1.3)

The coefficients Akr (or Bkr) are determined by the system of linear
equations

n
D (cix — 02ay) Ay = 0 (i=1,...,nr=1,...,n) (1.4)
k=1

For the root wz = 012 of multiplicity !, not only is the determinant

A(uz) equal to zero but so are all of its derivatives with respect to
w? up to and including the (I - 1)-st one. Since the determinant A(mz)
is symmetric, all of its minors of orders n — ! + 1 and less are also
equal to zero. Hence, for the root mlz only n - | equations of system
(1.4) are indepepndent, the remaining ! equations are implied by these
n - | equations. Hence for this root there remain ! quantities Akr
(analogously for Bkr) undetermined, i.e. arbitrary.

Let us arrange the equations in system (1.4) so that for the multiple
root 012 the first | equation are consequences of the remaining n - 1
equations. The solution of the generating system will have the follow-
ing structure:

i n
o = 2 6750 O+ D) plVz" (1) k=1,..., n) (1.5)
r=1 r={+1
For R =1, ..., 1, we have
@ =1  =#, &=0 (r+h (1.6)
The remaining coefficients qk(') with k =1 +1, ..., n, can be found
by solving the system of the last n - | equations (1.4), with i = 1 + 1,
., n, for Al+1' e Anl when @ = 0. These quantities will be linear

functions of A, ..., A;, With coefficients equal to qk(r)

A== A+ gD Ay, (k=1+4+1,..4n) (1.7

(r)

The quantities p, are determined by the formulas

A, (0,7

{r) ik r _.

p = B (k=1,...,n; r=1-4+1,...,n) (1.8)
! Ail (mrz)
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The functions xo(r)(t) which enter into formulas (1.5) have the form

xo<r)(¢) =08 ot - BLoo, "t sin ot (r=1,...,n (1.9)

Let us assume that the frequency W, is commensurate with the fre-
quencies Wrgps ~eey @p, and that it is not commensurate with any of the
other frequencies. It is obvious that to the frequencies o , @4y,
0p there correspond some solutions, of the generating system, with
period TO. We construct the periodic solution of system (1.1) which for
4 = 0 goes over into the mentioned periodic solution of the generating
system, Hereby the resulting periodic solution will have the period
T = T0 + «, where o is a function of p which vanishes when u = 0.

By the method of a small parameter the initial conditions for system
(1.1) are obtained from the initial conditions of the generating system
by adding to them linear combinations of certain functions Br(u) and
Y,(K) which vanish when u = 0. One can show, in a manner analogous to
the one used in (1] for the case of simple roots of the equation of fre-
quencies, that these functions Br(u) and Y, (W) can be introduced in such
a way that they appear everywhere as the sums Ar + Br and Br + Y There-
fore the initial conditions for system (1.1) may be taken in the follow-
ing form [2}:

t h n
g 0 =3 g, +B)+ X P B+ D e,
r=1

re=[+1 r=h+1 (1 10)
l h n
2, (0) = D) g0 (B, + 71,) + Zl ]pkm B, + 1) + )Eﬂp,gr)w,_,,
r==9 r o=l r—h

Since system (1.1) is autonomous, one of the pairs Br + Y, which
enter into initial conditions (1.10) can be set equal to zero. In the
given case it is assumed that B, = 0 and y,; = 0. The quantities ¢__,
and y__, will be analytic functions of Ap + Bp and Bq + Yqr and p

®rn = Gpon (Al + By By + Yo 1) (P: A ) (1.11)
Yoo = 1prlh(Al) + ﬁp’ Bq + Ty P) g=2,..h
where
@rn (Ap+ By B4 1 0 =0, 0y Uyt By Byt 7, 0 =0

The solution of system (1.1) can be represented in the form [2]

e, (¢, A+ B B+ T W) = g, {(A; + By cos oyt -+

! B, 4+, }
+ Z q;,n {(Ar -+ B,) cos ot + o sin o3¢ | +

r=2
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+T

+ Z pk(")[(A +b)cosmz+ sin © z]-i—

r=l+1

+ 2 Pyt (q)hh CcOos @ t+‘f- sin © t) +

r==h+1
£4 h
aCkm oC )
+ 2 [Ckm 0+ 2 %4, Brt Z *“"aBk:"l’,'%‘"'] pm (1.12)
m=1 r==1 r=2

The functions C, (¢) satisfy [1] the system of equations

“ “ q d'm—lF
1:2=1 @y Crm + culrm = Hip (1), . :;n(l) = (,;L i) (dp.'"‘l ) bymvympms (AD)
i= C R

under the vanishing initial conditions: Ck”(O) = Cpp T(0) = 0. Solving
this system of equations by the operational method, we obtain

1 n
Ciom(® = &v (75 2 Bk (D) Hipy (0 (D= %) (1149
iz==]

Here we have the obvious relations
A* (D?) = A (—o0?), A (D¥) = By (—w?)
Next we have
A* (D?) = Ay (D? + o 2)! f} (D + ©2) = (D? + oA (D)
r=141
Ay = lay |

Because of the properties of a symmetric determinant
Ay (DY = (D* + o )18, (DY

Thus we obtain

A (DY) Ay (D?) 1 [ LY L4
A* (DY) T (DY F o)A (DY) T Ay DE L@l + o, + Z D2+m 2 (1.15)
r=l+1
It 18 easy to see that for r =1 + 1, .,., n
Li}rr)* i (©,3) [H (02 — 02)] = K(r:
gr

Here the ka ™) are coefficients which have been obtained earlier for

simple roots of the equation of frequencies [1] For the multiple roots

mlz we obtain
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n
LY = aj (e[ IT (02— o®]™?
§=141

In this manner we derive

n
Cem O =C,DO+ 3 p"c, 7 (1) (1.16)
r={+1
The functions Cm(r)(t), with r =1 + 1, ..., n, are determined by
means of formulas (14) and (15) of [1]. Let us consider the function
Ckm(l)(t) which corresponds to the multiple root mlz

n t
@0 =800, T (02 — 0] [R,P (x) sin @1 (¢ — 1) d=
s={+] O

Af @) Hyp ()

v

Ry () =

Il

=1

From the condition

Ay By (0 Ag )

o = = -3 k=2, .
Ay Ay @) A; (05%) ( m)
we deduce
Am 0 An
A:/f ((U 1') T A:]_ (('-) 12)

Hence, taking into account formulas (1.6) and (1.7) we obtain
o o l ©
Ay (o )= qkmAu @3+ ...+ qk( )Au (@,

Thus we find

1, v e oey n) (1717)

[4
Ckii) () = Z qk(r)cm(r) ) (k

r=1

where

" t
C, ") =[20 Il ©2—0]? R, (¥ sine, (t—7) dv
s=Il+1 ]

n (1.18)
Rm(r) (1) = 2 Ajp (07) Hip, ® r=1..410
==
Hence we obtain

1 n
Cpom () = 2 qk(r)cm(r) ) + 2 Pk(r)Cm(r) ® (1.19)
r=1

r=I+1
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The coefficients qk(’) with k =1, ..., | are determined with the
aid of formulas (1.6) while for k=1 + 1, ..., n they are derived in
accordance with the arguments given on the first page of this work.

Thus the solution of system (1.1) for the case of one multiple root
of the equations of frequencies can be presented in a form which is
analogous to the form of the solution of a linear generating system

! n
=3 ¢+ D p"s" () (k=1,...,n) (1.20)
r=1 r=I[+1
Since the frequency w, is commensurate only with the frequencies
©y4q, ..., @, the function z{")(¢) has the form

(r) B’A_T’- (r)
7 (t) = (4,4 P cosot <+ ——m—r- sin @2 4 X' (1)
B,=0, 1,=0 (r=1,...,h (1.21)
Y,
2™ (1) = @,_, cos 0,14 T:;—hsin 0 t+X0) (r=h<$1,...,0)
r

where

oo h a0 M h (r
m m
10 =3 (e 0+ 3 T84S i W
m=1 =1 7 j=2 ’
(r == 11 v e ey n)

On the basis of [2], the stated problem on the construction of a
periodic solution of period T0 + a for system (1.1) under the auxiliary
conditions formulated above, reduces to the successive solving of two
problems: (a) the construction of & periodic solution for a system with
h degrees of freedom, (b) the computation of additional corrections for
this solution. The method of computation of these correcting terms is
shown in [2] on an example involving a system with two degrees of free-
dom.

Up to now we have assumed that the equation of frequencies had just
one multiple root. The extension of the procedure used to the case of
several multiple roots presents no difficulties.

2. Case of zero roots of the equation of frequencies. Let us assume
that the equation of frequencies (1.2) has, in addition to positive
roots, a zero root which may be either a simple or a multiple root. A
particular solution corresponding to this root can be obtained from ex-
pression (1.3) if one lets the frequency go to zero in this expression.
Then

2,7 = Ap, + Byt 2.1)
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The structure of the solution of the generating system is not changed
by the presence of zero roots. It is obvious that the structure of the
solution of system (1.1) is not changed either.

The method of constructing periodic sciutions of system (1.1) remains
the same; however, the computational formulas in the present case will
differ somewhat from the earlier ones. In particular, a term of a new
type appears when the quantity Ai;(DZ)/ﬁ‘(PZ), which occurs in the com-
putation of the coefficients Ckm(t), is h:oxen up into partial fractions.

For example, if there is one zero root w, 70, then
Bu D G R K
A* (D277 N, 1L DT e
where

K= o [ az

Hereby the last term which is contained :n the function Ckm(t) will
have the form

Crm @) = . .. 0) [As II wz2]? YR“” () (t — 1) dv (2.2)
8=1

The characteristic peculiarities of the construction of a periodic
solution in the presence of a zero root of the equation of frequencies
will be revealed by an example of a system with two degrees of freedom.
We consider the system

“ o I ) e
an®y” + apxy” 4 ey e = WE (5, w20 7 W

- - , 2.3
an®y” F gy’ b ocory b Capwe = UE, (g, Tay Eyy Ty ) (

Let the equation of frequencies of Lhe generating system have the
roots ©,% and 0. In what follows we shall omit the subscript 1 of the
first root.

The general solution of the system has the form

By .
a0 (2) fontOsmt%»*~snuoz% By b gt
B, . o ) :

750 () = py (Mg coswt 4 FsIinG ] 1 py {(Ey + Got)

where
- 2

¢y — Wray Cq1 — W *ayy, T L1 ‘i ‘n
P1=P2m:‘ 200 2 v P2 P2 T T . 2.4)

Cra — O %ag, Cag — (0 2t1gy 12 22

The periodic solution of the generating system will not contain the
term Got. Furthermore, taking into account the fact that the system is
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autonomous, we may set B0 = 0. In this manner we obtain
Ty (1) = Agcosm t + E,, Zgo (8) == pydq cOsw t 4 p.Ey (2.5)

For the original system (2.3) one may take the following initial cun-
ditions:

2, (0) = Ag + By + Ey -+ Ba, 7" (0) = @ (44 + By, Eg -+ Ba )

(2.6)
zo (0) = p1(A4p + B2) + pa(Eo + By)y %o (O) = py@ (Ag + Py, Ep + Bap)
Let us express the solution of system (2.3) in the form
2, (8) = 2V (0) + = (), 2, (1) = pyzV () + paz'® (1) @0
where
aC 1) ac )
2V (5 = (4o + ﬂl)cosmz+2 [c ® @+ 5z B+ g b+ ]p"
n=1 (2.8)
&) aC, @
(2)(t)—F0+ﬁn+q)t+Z{C (2)(t)+ BA §l+ aE 52 :l}ln
n=1
The functions Cn(l)(t) and Cn(z)(t) are given by the formulas
| t t
c() = — Aomsgnﬁp(r) sino(t— 1) dt, CP@) = Aomz§n<2>(r) (t—7dv (2.9
0

The formulas for the quantities Rn(l)(t) and Rn(z)(t) are given in

(3].

We have the following periodicity conditions for the functions
x(l)(t), x(z)(t) and their first derivatives:

e (T, + a) = A+ By, e (T +a) =0
2 (Ty + a) = Eq + B @ (Ty+a) =g (2 10)

Herein we denote by T0 the period of the generating solution 7b =21/,
and by T0 + a the period of the solution of system (2.3). The quantity
a can be represented in the form

had aN, aN, { N, N
a=2[Nn(To)-i—mﬂl+mﬁz+7mﬁ1’+---]u 2.1
n=1

The coefficients N (TO) are found with the aid of the condition
+ D1+« = 0. e find that
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1
w24,

Ny (Ty) =557 €Y (T0)
! (1) ’ (1}

Na(T)) = g 16" (7)) -+ N0y (1) (2.12
LI, . . 1

Ny (To) = 5o, [03 DT + Nl T + NG (Tg) + 5 Ne, ™ <To>]

Now we substitute the quantity o into the conditions: x(l)(To + a) =
Ag + B, and = 2 (T) + o) = ¢. These conditions take the form

st oM, oM, 4 M, n
3 Mjn(To)+‘5j;ﬁ1+Tg;ﬁg+?mﬁxz+---]ﬂ =0 (=12 (@1

n=]1

For the first one of these we obtain

My, (To) == Clm (To)
b
My (T)) = Co™ (T) + 5 0 44N, @44

1
Mg (Tg) = C5 (To) + 024N N — 5 N 26,1 (1)

...........................

For the second one of these conditions we find

Mal (To) = 01.(2) (To)

My (T) = Cy'® (T) + N,C,"® (T) (2.15)
1

My (T) = C5® (Tg) + NoCy"® (T) + NG, (To) + 5 Ni2C, P (T)

The system of equations
My (Ty) = Clm (T = 0, My (T) = Cl'(z) (Tg) =0 (2.16)

determines the gquantities A0 and Eo. The form of the solutions of the
system (2.3) depends on the multiplicity of the roots of the equations
(2.18). If the Jacobian

D (Ml,lv A'I2L)

S
Dy by 70
then the parameters Bl and Bz can be expressed as power series in u
(o9} o0}
o= Au", Bo= D E.pn" (2.17)
n=1 n=1
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Hence the solution of system (2.3) will also be representable as a
power series in p. If, however, the mentioned Jacobian is equal to zero
then the analysis is performed as it was done for the nonautonomous
system with one degree of freedom (4].

For the determination of the quantities ¢, we express them in the

form
> 0P, aP, y 9%°P,
J— —_ — P 9 n
% —ngl [Pn (T + 6A051+ oL, Be + 7 9A2 P2+ .. ] B (2.18)

Let us substitute the quantities « and ¢ into the remaining unused
conditions of periodicity: x(Z)(T0 to) = Ey + P,. Setting the coeffi-
cients of u" equal to zero, we obtain

ToPy (To) 4 C,® (T = 0
ToPy (Tg) + NPy (Tg) + €, (Ty) =0 (2.19)
ToP; (Ty) + NPy (Tg) + NoPy (To) + €32 (Ty) — 2 N2C,"® (T = 0

From these equations one can determine the quantities Pl(To), P2(T0),
., successively.

The remaining steps for completing the solution are obvious. In
particular, the construction of a periodic solution with a period in-
dependent of p is accomplished with the aid of the usual transformation
of time.
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